
1. Fundamental solution

The function Φ : Rnzt0u Ñ R

Φpxq “

$

&

%

´ 1
2π log |x| n “ 2,

1
pn´2qωn|x|n´2 n ě 3,

is called the fundamental solution for the Laplace operator, where ωn denotes the surface area of the

unit sphere in Rn. For example, ω3 “ 4π.

We can easily check that ∆Φpxq “ 0 holds for x ‰ 0.

2. Newtonian potential

Given a smooth function f : Rn Ñ R, we call the following function the Newtonian potential of f .

upxq “
ż

Rn
Φpx´ yq f pyqdy. (1)

Theorem 1. Suppose that a smooth function f : Rn Ñ R satisfies f pxq “ 0 if |x| ě M for some

constant M. Then, the potential function (1) satisfies

∆upxq “ ´ f pxq. (2)

We only consider the n “ 2 case for the purpose of simplicity. The higher dimensions can be

similarly shown.

Proof for the two dimension. By using the substitution y´ x “ z, we have

upxq “
ż

R2
Φpx´ yq f pyqdy “

ż

R2
Φpzq f px` zqdz.

Hence,

∆upxq “
ż

R2
Φpzq∆x f px` zqdz “

ż

R2
Φpzq∆z f px` zqdz “ Iε ` Jε ,

where ε ă M is a small constant and

Iε “
ż

BMp0qzBεp0q
Φpzq∆z f px` zqdz,

Jε “
ż

Bεp0q
Φpzq∆z f px` zqdz.
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The integration by parts implies

Iε “Kε ´

ż

BMp0qzBεp0q
∇zΦpzq∇z f px` zqdz.

where

Kε “

ż

BBMp0qYBBεp0q
ΦpzqBν f px` zqdz “

ż

BBεp0q
ΦpzqBν f px` zqdz.

We again apply the integration by parts.

Iε ´ Kε “ Hε `

ż

BMp0qzBεp0q
∆zΦpzq f px` zqdz.

where

Hε “ ´

ż

BBMp0qYBBεp0q
BνΦpzq f px` zqdz “ ´

ż

BBεp0q
BνΦpzq f px` zqdz.

Since ∆zΦpzq “ 0 for z ‰ 0, we have

∆upxq “ Jε ` Kε ` Hε .

Next, by using |∆ f | ď C we have

lim
εÑ0

|Jε | ď C lim
εÑ0

ż

Bεp0q
Φpzqdz ď C lim

εÑ0

ż 2π

0

ż ε

0

´ log r
2π

rdrdθ “ 0.

Also, |∇ f | ď C implies

lim
εÑ0

|Kε | ď C lim
εÑ0

ż

BBεp0q
Φpzqdz “ ´C lim

εÑ0

2πε log ε
2π

“ 0.

On the other hand, on BBεp0q we have

BνΦpzq “ x´
z

2π|z|2
, νy “

|z|2

2π|z|3
“

1
2πε

.

Therefore,

f pxq ` lim
εÑ0

Hε “

ż

BBεp0q

f pxq
2πε

dz´ lim
εÑ0

ż

BBεp0q

f px` zq
2πε

dz “ lim
εÑ0

ż

BBεp0q

f pxq ´ f px` zq
2πε

dz “ 0.

�
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3. Green function

We assume that there exists a smooth function ϕ : Ω ˆ Ω Ñ R such that for each fixed x P Ω the

following hold

∆yϕpx, yq “ 0 y P Ω,

ϕpx, yq “ Φpx´ yq y P BΩ.

Then, the function

Gpx, yq “ Φpx, yq ´ ϕpx, yq

is called the Green function. One can easily check Gpx, yq ą 0 for x, y P Ω by the maximum principle.

Also, we will show Gpx, yq “ Gpy, xq as an assignment in the problem set 3.

In particular, if Ω “ BRp0q then

Gpx, yq “

$

’

’

&

’

’

%

´ 1
2π

ˆ

log |x´ y| ´ log
ˇ

ˇ

ˇ

R
|x| x´

|x|
R y

ˇ

ˇ

ˇ

˙

n “ 2,

1
pn´2qωn

ˆ

|x´ y|2´n ´

ˇ

ˇ

ˇ

R
|x| x´

|x|
R y

ˇ

ˇ

ˇ

2´n
˙

n ě 3.

Therefore, the Green’s representation formula (6) yields the Poisson’s formula

upxq “
R2 ´ |x|2

ωnR

ż

BBRp0q

upyq
|x´ y|n

dy. (3)

In order to show the Green’s representation formula, we need the following lemma.

Lemma 2. Given a smooth bounded domain Ω and a smooth function u, the following holds

upxq “ ´
ż

Ω

Φpx´ yq∆upyqdy`
ż

BΩ

Φpx´ yquνpyq ´ upyqΦνpx´ yqdy. (4)

Proof. The integration by parts provides the Green’s identity for smooth functions u, v;
ż

Ω

pv∆u´ u∆vqdy “
ż

BΩ

vBνu´ uBνvdy. (5)
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Given a fixed x P Ω we define Ωε “ ΩzBεpxq for small ε. In addition, we define

Jε “
ż

Bεpxq
Φpx´ yq∆upyqdy,

Kε “

ż

BBεpxq
Φpx´ yqBνupyqdy,

Hε “´

ż

BBεpxq
upyqBνΦpx´ yqdy.

Then, (5) and ∆yΦpx´ yq “ 0 in Ωε yield
ż

Ωε

Φpx´ yq∆upyqdy “
ż

BΩε

Φpx´ yqBνupyq ´ upyqBνΦpx´ yqdy.

Therefore, it is enough to show limεÑ0 Jε ` Kε ` Hε “ ´upxq. By using |∆u| ď C

lim
εÑ0

|Jε | ď C lim
εÑ0

ż

Bεpxq
Φpx´ yqdy “ C lim

εÑ0

ż

Bεp0q
Φpzqdz “ 0.

Also, |∇u| ď C implies

lim
εÑ0

|Kε | ď C lim
εÑ0

ż

BBεpxq
Φpx´ yqdy “ C lim

εÑ0

ż

BBεp0q
Φpzqdz “ 0.

On the other hand, on BBεpxq we have

BνΦpx´ yq “
1

ωn|x´ y|n´1 “
1

ωnεn´1 “
1
|Bε |

.

where |Bε | is the surface area of a ball of radius ε in Rn. Therefore,

upxq ` lim
εÑ0

Hε “

ż

BBεpxq

upxq
|Bε |

dy´ lim
εÑ0

ż

BBεpxq

upyq
|Bε |

dy “ 0.

�

Theorem 3 (Green’s representation formula). Suppose that Ω is a smooth bounded domain and u is a

smooth function satisfying

∆upxq “ f pxq x P Ω,

upxq “ gpxq x P BΩ.
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Then, the function upxq satisfies

upxq “ ´
ż

Ω

f pyqGpx, yqdy´
ż

BΩ

gpyqGνpx, yqdy. (6)

Proof. We apply the Green’s identity (5) for ϕpx, yq. Then, ∆yϕpx, yq “ 0 implies
ż

Ω

ϕpx, yq∆upuqdy “
ż

BΩ

ϕpx, yqBνupyq ´ uBνϕpx, yqdy.

Combining with Lemma 2 yields the Green’s representation formula. �

4. Harnack’s inequality

Theorem 4. Suppose that ∆u “ 0 and u ě 0 hold in Ω. Then, for BRpzq Ă Ω and x P BRpzq the

following holds
Rn´2pR´ rq
pR` rqn´1 upzq ď upxq ď

Rn´2pR` rq
pR´ rqn´1 upzq. (7)

where r “ |x´ z|.

Proof. Without loss of generality, we assume z “ 0 and thus r “ |x|. Then, we recall the Poisson’s

formula

upxq “
R2 ´ |x|2

ωnR

ż

BBRp0q

upyq
|x´ y|n

dy.

Since R´ |x| ď |x´ y| ď R` |x| and |x| “ r, we have

pR´ rq
ωnRpR` rqn´1

ż

BBRp0q
upyqdy ď upxq ď

pR` rq
ωnRpR´ rqn´1

ż

BBRp0q
upyqdy. (8)

Hence, the mean value property yields the desired result. �
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